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Abstract
We construct exceptional collections of line bundles of maximal length 4 on
S = (C×D)/G which is a surface isogenous to a higher product with pg = q = 0
where G = G(32, 27) is a finite group of order 32 having number 27 in the list
of Magma library. From these exceptional collections, we obtain new examples
of quasiphantom categories as their orthogonal complements.
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1. Introduction
Quasiphantom categories are surprising new subcategories in the derived cat-
egories of algebraic varieties first discovered by Bo¨hning, Bothmer and Sosna in
[7]. Their discovery provides new perspectives on the study of derived categories
of algebraic varieties and recently many examples of quasiphantom categories
were constructed by many authors(see [1, 6, 7, 10, 11, 15, 16, 18, 19, 20, 22,
23, 24] for more details). However their structures are quite mysterious and
we do not know whether every surface of general type with pg = q = 0 has a
quasiphantom category in its derived category.
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A surface S which is isomorphic to (C×D)/G where C,D are curves of genus
≥ 2 and G is a finite group acting on C ×D freely is called a surface isogenous
to a higher product. Surfaces isogenous to a higher product are interesting
and important classes of surfaces of general type. They play an important role
in the study of moduli spaces of general type surfaces. Bauer, Catanese and
Grunewald classified surfaces isogenous to a higher product of unmixed type
with pg = q = 0 in [4]. In particular, they proved that the possible list of
groups G is Z32, Z
4
2, Z
2
3, Z
2
5, Z2 ×D4, S4, Z2 × S4, G(16, 3), G(32, 27), A5.
In [11, 19, 22, 23, 24], the authors constructed quasiphantom categories in de-
rived categories of surfaces isogenous to a higher product except G = G(32, 27),
A5 cases. It is very natural to expect that derived categories of all surfaces
isogenous to a higher product with pg = q = 0 have quasiphantom categories in
their derived categories. However quasiphantom categories in derived categories
of surfaces had not been constructed for G = G(32, 27), A5 cases.
In this paper we construct exceptional collections of line bundles of maximal
length 4 on S = (C × D)/G which is a surface isogenous to a higher product
with pg = q = 0 and G is G(32, 27). From these exceptional collections we
can obtain new examples of quasiphantom categories. They are obtained as the
orthogonal complements of the exceptional collections of maximal length 4 on
S.
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Notations. We will work over C. Derived category of a variety will mean the
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bounded derived category of coherent sheaves on the variety. In this paper, G
denotes a finite group, Ĝ = Hom(G,C∗) denotes the character group of G, and
G(32, 27) means the finite group of order 32 having number 27 in the list in
Magma library.
2. Preliminaries
In this section we recall several definitions and facts which we will use later.
2.1. Surfaces isogenous to a higher product with pg = q = 0
We review the basic theory of surfaces isogenous to a higher product with
pg = q = 0.
Definition 2.1. [2, Definition 2.1] A surface S of general type is said to be
isogenous to a higher product if S is isomorphic to (C ×D)/G, where C and D
are curves of genus at least 2, and G is a finite group acting freely on C ×D.
We call S of unmixed type if G acts diagonally on C ×D.
Bauer, Catanese and Grunewald classified surfaces isogenous to a higher
product with pg = q = 0 in [4]. Their strategy was to classify all groups
acting freely on product of two curves with some specified conditions. Let
S = (C × D)/G be a surface isogenous to a higher product of unmixed type
with pg = q = 0. Consider the two quotient maps C → C/G and D → D/G.
Since q = 0, we see that C/G ∼= P1 ∼= D/G. These quotient maps give several
group theoretic data. We recall several terminologies following [4].
Definition 2.2. [4] Let G be a group and r be a natural number with r ≥ 2.
(1) An r-tuple T = [g1, · · · , gr] ∈ G
r is called a spherical system of generators
of G if g1, · · · , gr is a system of generators of G and g1 · · · gr = 1.
(2) Let A = [m1, · · · ,mr] be an r-tuple of natural numbers with 2 ≤ m1 ≤
· · · ≤ mr then a spherical system of generators T = [g1, · · · , gr] is said to
have type A = [m1, · · · ,mr] if there is a permutation τ ∈ Sr such that
ord(gi) = mτ(i) for all i.
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(3) The stabilizer set Σ(T ) of a spherical system of generators T = [g1, · · · , gr]
is defined as follows:
Σ(T ) =
⋃
g∈G
⋃
j∈Z
r⋃
i=1
{ggji g
−1} = {ggji g
−1 | g ∈ G, j ∈ Z, i = 1, · · · , r}.
(4) Let T1, T2 be a pair of spherical systems of generators (T1, T2) of G is called
disjoint if Σ(T1) ∩ Σ(T2) = {1}.
Definition 2.3. [4, Definition 1.1] An unmixed ramification structure of type
(A1, A2) for G is a disjoint pair (T1, T2) of spherical systems of generators of G,
such that T1 has type A1 and T2 has type A2. We define B(G;A1, A2) to be the
set of unmixed ramification structures of type (A1, A2) for G.
Whenever we have a surface S = (C ×D)/G we have an unmixed ramifica-
tion structure of type (A1, A2). Moreover we see that an unmixed ramification
structure gives a surface isogenous to a higher product by the following propo-
sition. See [4] for more details.
Proposition 2.4. [4, Proposition 2.5] Let G be a finite group and A1, A2
be two tuples of natural numbers. Then for any ramification structure T ∈
B(G;A1, A2), there is a surface isogenous to a higher product of unmixed type
with G(S) = G and T (S) = T .
2.2. Automorphisms of curves
We review several results about automorphisms of curves and their invari-
ants. First, let us recall Lefschetz fixed point formula.
Theorem 2.5. (Lefschetz Fixed Point Formula)[9, Corollary 12.3] Let g ∈ G
be a non-trivial automorphism of an algebraic curve C of genus g ≥ 2, and let
χKC the character of the action of G on H
0(C,KC). Then we have
χKC (g) + χKC (g) = 2− |Fix(g)|.
In particular, χKC (g) = 1−
1
2 |Fix(g)| when all characters are real-valued.
4
Beauville studied theta characteristics on curves with involution in [5]. His
results are the main tools of our investigation of involution invariant line bundles.
Let C be a curve and σ be the involution on C. Let B be the quotient curve
C/〈σ〉, pi : C → B be the quotient map and R ⊂ C be the set of ramification
points. This double covering corresponds to a line bundle ρ on B such that
ρ2 = OB(pi∗R). See [5] for more details. Beauville obtained the following result
which tells us which σ-invariant line bundles on C comes from B.
Lemma 2.6. [5] Consider the map φ : ZR → Pic(C) which maps r ∈ R to
OC(r). Its image lies in the subgroup Pic(C)
σ of σ-invariant line bundles. We
get a short exact sequence
0→ Z/2→ (Z/2)R → Pic(C)σ/pi∗Pic(B)→ 0,
and the kernel is generated by (1, · · · , 1).
And he obtains the following result which tells us how to compute the sheaf
cohomology groups of invariant theta characteristics as follows.
Proposition 2.7. [5] Let κ be a σ-invariant theta characteristic on C. Then
(1) κ ∼= pi∗L(E) for some L ∈ Pic(B) and E ⊂ R with L2 ∼= KB ⊗ ρ(−pi∗E).
If another pair (L′, E′) satisfies κ ∼= pi∗L′(E′), we have (L′, E′) = (L,E) or
(L′, E′) = (KB ⊗ L−1, R− E).
(2) h0(κ) = h0(L)+h1(L), and the parity of κ is equal to deg(L)−b+1 (mod 2)
where b is the genus of B.
Finally we recall the following result of Dolgachev which enables us to con-
struct G-equivariant line bundles on C×D using G-invariant line bundles on C
and D.
Proposition 2.8. [12] Let X be a smooth projective variety and let G be a
finite group acting on X . There is a well-known exact sequence
0→ Ĝ→ PicG(X)→ Pic(X)G → H2(G,C∗),
and the last homomorphism is surjective when X is a curve.
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3. Derived categories of surfaces isogenous to a higher product with
G = G(32, 27)
Let S = (C×D)/G be a surface isogenous to a higher product with pg = q =
0. It is easy to see that the maximal possible length of an exceptional collection
is less than or equal to 4(see [11, 19, 22, 23, 24] for more details). In this
section we construct exceptional collections of line bundles of maximal length 4
on S = (C×D)/G where G = G(32, 27). The method of construction is similar
to other cases. We can construct G-invariant ineffective theta characteristics
on C. However there is no G-equivariant ineffective line bundle of degree 8 on
D. In order to overcome this situation we need to show that there are enough
characters of G to construct exceptional collection of length 4. To do this we use
computer algebra system Magma [8] and group theoretic properties of G. See
Appendix A and Appendix B for more details. In particular, see Appendix A
for the character table of G.
3.1. Equivariant geometry of C and D
Let g1, g2, · · · , g5 be generators of G for the presentation of G as in Ap-
pendix A. The unmixed ramification structure T = (T1, T2) corresponds to
S = (C ×D)/G is described in [4]. They computed that T = (T1, T2) is of type
([2, 2, 2, 4], [2, 2, 4, 4]) on G(32, 27) which is equivalent to
T1 = [g1g4g5, g2g3g4g5, g2g4g5, g1g3g4], T2 = [g2g3g4, g2, g1g2g3g5, g1g2]
([4], see also [3] and Appendix A). We are going to construct the desired line
bundles from the above unmixed ramification structure. We can compute the
representation of H0(C,KC) by the Lefschetz fixed point formula. For T1, the
numbers of fixed points are given by Table 1. (Note that 1 fixes every point in
C.)
Therefore we get the character χKC of the action of G on H
0(C,KC). The
value of χKC at the identity class is the genus 5. At any non-trivial conjugacy
class of g ∈ G(32, 27), the value of χKC at g is given by
χKC (g) =
1
2
(2− |Fix(g)|)
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conjugacy class 1 g5 g4 g4g5 g2g3g5 g2 g2g3 g3g4 g2g5 g3 g1 g1g2g3 g1g2 g1g3
#fixed points ∞ 8 0 0 0 0 8 0 8 0 4 0 0 4
Table 1: The number of fixed points for T1
since every character of G(32, 27) is a real-valued function; See Remark A.3.
Thus the values of the character χKC at the fourteen conjugacy classes ordered
as above are as following Table 2.
conjugacy class 1 g5 g4 g4g5 g2g3g5 g2 g2g3 g3g4 g2g5 g3 g1 g1g2g3 g1g2 g1g3
χKC 5 −3 1 1 1 1 −3 1 −3 1 −1 1 1 −1
Table 2: The values of χKC
Now from the character table of G(32, 27)(see Appendix A), we can see that
χKC = χ7 + χ9 + χ11. Similarly, for T2, the numbers of fixed points are given
by Table 3.
conjugacy class 1 g5 g4 g4g5 g2g3g5 g2 g2g3 g3g4 g2g5 g3 g1 g1g2g3 g1g2 g1g3
#fixed points ∞ 0 8 8 8 8 0 0 0 0 0 4 4 0
Table 3: The number of fixed points for T2
The genus ofD is 9, so the character values of χKD at the fourteen conjugacy
classes ordered as above are as in Table 4.
conjugacy class 1 g5 g4 g4g5 g2g3g5 g2 g2g3 g3g4 g2g5 g3 g1 g1g2g3 g1g2 g1g3
χKD 9 1 −3 −3 −3 −3 1 1 1 1 1 −1 −1 1
Table 4: The values of χKD
We find χKD = χ4 + χ10 + χ12 + χ13 + χ14 from the character table again.
3.2. Constructing line bundles on C
Consider the normal subgroup 〈g5〉✂G(32, 27) and the quotient map pi : C −→
B where B is a quotient curve B := C/〈g5〉. Then by the unmixed ramifica-
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tion structure and the Riemann-Hurwitz formula, we see that B is an elliptic
curve and degR = 8 where R denotes a ramification divisor of pi. Moreover,
since G(32, 27) act on C, G := G(32, 27)/〈g5〉 also acts on B. At first, we will
show that there exists a non-trivial G-invariant theta characteristic of B. To
see this, note that there are 4 theta characteristics η0 := OB, η1, η2 and η3 on
B. Now consider the G-orbit Gηi of ηi. Since G acts on the set of all theta
characteristics and η0 = OB is fixed under the G-action, we have 3 possibilities:
({i, j, k} = {1, 2, 3})
(1) Gηi = {ηi}: This means ηi is a G-invariant, so we are done.
(2) Gηi = {ηi, ηj}: Take ηk /∈ {ηi, ηj}. Then we have Gηk = {ηk}.
(3) Gηi = {ηi, ηj , ηk}: By the orbit-stabilizer theorem, we have
|Gηi||StabG(ηi)| = |G|
where StabG(ηi) denotes the stabilizer of ηi under the G-action. However,
since 3 = |Gηi| ∤ |G| = 16, this is impossible.
Thus, there is aG-invariant theta characteristic η ofB. We see that h0(B, η) = 0
since there is no global section for any non-trivial line bundle of degree 0 of B,
and h1(B, η) also vanishes by the Riemann-Roch theorem. With the existence
of such η, we can prove the following lemma:
Lemma 3.1. C has a G(32, 27)-invariant ineffective theta characteristic L.
Proof. Let R be a ramification divisor of pi : C −→ B of degree 8 as above and
consider a normal subgroup H := 〈g2g5, g4〉✂G(32, 27) of order 4. Then by the
unmixed ramification structure and the Riemann-Hurwitz formula, C/H ∼= P1
and since g2 and g4 freely act on C, the H-action on R is free. Thus, OC(R) =
pi∗HOP1(1)
⊗2 where piH : C −→ P1 is the quotient map induced by H . Because
OP1(1) is G(32, 27)/H-invariant, pi
∗
HOP1(1) is G(32, 27)-invariant. Therefore,
L := pi∗η ⊗ pi∗HOP1(1) is a G(32, 27)-invariant line bundle and since
L⊗2 = (pi∗η ⊗ pi∗HOP1(1))
⊗2 = pi∗η⊗2 ⊗ pi∗HOP1(1)
⊗2
= pi∗(KB)⊗OC(R) = KC ,
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L is a theta characteristic. Moreover we have h0(C,L) = 2h0(B, η) = 0 by
Proposition 2.7.
3.3. Constructing line bundles on D
We begin with the following lemma which will be useful to construct some
line bundle on D.
Lemma 3.2. Let A1, A2, A3, A4 be the set-theoretic fibers consisting of the
ramification points of the map piD : D → D/G(32, 27) whose stabilizer group
is 〈g2g3g4〉, 〈g2〉, 〈g1g2g3g5〉 and 〈g1g2〉 respectively. Then the following linear
equivalence relations hold:
(1) A1 ∼ A2 ∼ 2A3 ∼ 2A4.
(2) A3 ≁ A4.
Proof. Note that the orders of the stabilizer groups 〈g2g3g4〉, 〈g2〉, 〈g1g2g3g5〉
and 〈g1g2〉 are 2, 2, 4 and 4 respectively; see Remark A.2.
(1) Consider the subgroup H1 = 〈g1g2g4, g4, g5〉 of G(32, 27) of order 8 and the
quotient curve D/H1. Since H1 is disjoint to conjugacy classes of stabilizer
groups 〈g2g3g4〉, 〈g2〉 of A1 and A2, respectively, H1 acts freely on both
A1 and A2. Similarly, since (g1g2g3g5)
2 = g4g5 ∈ H1 and same holds
for any other representatives of its conjugacy classes, H1 acts on A3 with
stabilizer group Z2. Finally, since g1g2 and other representatives of its
conjugacy classes are in H1, H1 acts on A4 with stabilizer group Z4. Then,
by the Riemann-Hurwitz formula, we have D/H1 ∼= P1 and hence, we get
A1 ∼ A2 ∼ 2A3. Next, consider H2 = 〈g1g2g3g4g5, g4, g5〉. By the similar
argument for H2, we can get A1 ∼ A2 ∼ 2A4.
(2) Now consider the H3 = 〈g2, g4〉-action on D. Then similar argument as
above shows that A3 contains no ramification point of pi3 : D → D/H3 and
A4 contains some ramification points of pi3. Moreover, we can see that A3
is given by a pull-back of some divisor of D/H3. However, since A2 also
contains ramification points, A4 does not contains all ramification points
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and hence, it cannot be a pull-back of some divisor of D/H3 by Lemma 2.6.
Therefore, A3 ≁ A4.
Remark 3.3. From the above Lemma, we see that O(A1 − A3), O(A1 − A4),
O(A2 −A3), O(A2 −A4) are effective line bundles.
From the above computations we also have the following Lemma.
Lemma 3.4. As aG-module,H0(D,O(A3)) ∼= χ1⊕α where α is a 2-dimensional
irreducible representation of G.
Proof. First, we claim that χ1 is the unique 1-dimensional subrepresentation of
H0(D,O(A3)). If there is another 1-dimensional subrepresentation ofH0(D,O(A3)),
then there should be a G-invariant effective divisor which is linearly equivalent
to A3. However A3 is the unique G-invariant effective divisor of degree 8 lin-
early equivalent to itself. Therefore there is no 1-dimensional subrepresentation
of H0(D,O(A3)) other than χ1. Note that D is not a hyperelliptic curve (cf.
[25]). From the Clifford theorem we see that 1 ≤ h0(D,O(A3)) ≤ 4. More-
over from the analysis of the previous Lemma, we see that there is an effective
divisor of degree 8 not equal to A3 but linearly equivalent to A3. Therefore
h0(D,O(A3)) > 1 and since there is no n-dimensional irreducible representa-
tion of G for n > 2(cf. Remark A.3), we get H0(D,O(A3)) = χ1 ⊕ α where α
is a 2-dimensional irreducible representation.
Now we express KD in terms of A3 and A4.
Lemma 3.5. KD ∼= O(A3 +A4).
Proof. Consider H4 = 〈g4, g5〉. From Riemann-Hurwitz formula we see that
D/H4 is an elliptic curve. Because A3 +A4 are ramification divisor with stabi-
lizer group Z2, we get KD ∼= O(A3 +A4).
Let M := O(A3) and M′ := O(A4). Because A3 and A4 are G-invariant
divisors of degree 8 in D, the action on the function field of D induces natural
G-linearizations on M and M′. Therefore M and M′ are G-equivariant lines
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bundles on D of degree 8(see [13],[14], [23] for more details). We also consider
the map H0(D,O(A3)) ⊗H0(D,O(A4))→ H0(D,O(A3 + A4)). From Lemma
3.4 and Lemma 3.5, we see that h0(D,M) = h0(D,M′) = 3.
Lemma 3.6. As a G-module, H1(D,M) ∼= χ4 ⊕ β where β is an irreducible
2-dimensional representation of G.
Proof. From Serre duality we see that H1(D,M) ∼= H0(D,KD ⊗M−1)∗. Con-
sider the natural map H0(D,M)⊗H0(D,KD⊗M−1)→ H0(D,KD). This map
is the same as H0(D,O(A3))⊗H0(D,O(A4))⊗χ→ H0(D,O(A3+A4))⊗χ for
a character χ. Because constant function belongs to H0(D,O(A3 +A4)), χ1 is
a G-submodule of H0(D,O(A3 +A4)). From Lefschetz fixed point formula we
see that H0(D,KD) = χ4 + χ10 + χ12 + χ13 + χ14. Note that χ10, χ12, χ13, χ14
are 2-dimensional irreducible representations of G. Therefore we get χ = χ4
and H1(D,M) ∼= H0(D,KD ⊗M−1)∗ = χ4 ⊕ β where β is a 2-dimensional
irreducible representation.
3.4. Exceptional sequences of line bundles on S
It is well known that DbG(C ×D) ≃ D
b(S) since G acts freely on C ×D(see
[26, Appendix] for more details). Therefore it suffices to construct exceptional
sequence in DbG(C ×D). We consider equivariant line bundles on C × D. By
abuse of notation, we denote a G-equivariant line bundle on C × D and its
descent on S by the same symbol. Note that L is not a G-equivariant line
bundle on C. However from the Dolgachev’s theorem we can prove that there
exists aG-invariant line bundle N such that L⊠N is a G-equivariant line bundle
on C ×D.
Theorem 3.1. There is a character χ ∈ Ĝ such that L⊠ (M⊗N )(χ), L⊠N ,
OC ⊠M(χ), OC ⊠OD descend to an exceptional sequence of line bundles on S.
Proof. Because S is a surface with pg = q = 0, every line bundle on S is an
exceptional object. Now from the Ku¨nneth formula, we see that, for all i,
Hi(S,L⊠N ) =

 ⊕
j+k=i
Hj(C,L) ⊗Hk(D,N )


G
= 0,
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Hi(S,L⊠ (M⊗N )(χ)) =

 ⊕
j+k=i
Hj(C,L) ⊗Hk(D, (M⊗N )) ⊗ χ


G
= 0,
Hi(S,L⊠(M−1⊗N )(χ−1)) =

 ⊕
j+k=i
Hj(C,L) ⊗Hk(D, (M−1 ⊗N ))⊗ χ−1


G
= 0
as L is an ineffective theta characteristic on C. From Riemann-Roch formula,
the Euler-Poincare´ characteristic of OC ⊠M(χ) on S is equal to 0. Then by
Ku¨nneth formula we see that it is enough to show that the G-invariant parts of
the following vector spaces are all zero.
H0(S,OC ⊠M(χ)) = (H
0(C,OC)⊗H
0(D,M)⊗ χ)G
H2(S,OC ⊠M(χ)) = (H
1(C,OC)⊗H
1(D,M)⊗ χ)G
From the equivariant Serre duality we see that H1(C,OC) ∼= H0(C,KC)∗ as
G-modules and we know the representation of H1(C,OC) = χ7 + χ9 + χ11.
Moreover H0(D,M) = χ1 ⊕ A and H1(D,M) = χ4 ⊕ B where A and B
are 2-dimensional irreducible representations of G (cf. Lemma 3.4, Lemma 3.6).
Finally we can check that for any possible representationH0(D,M), H1(D,M)
there exists χ ∈ Ĝ such that
h0(S,OC ⊠M(χ)) = h
1(S,OC ⊠M(χ)) = h
2(S,OC ⊠M(χ)) = 0
using Magma (cf. Appendix B). In other word, we can always find χ ∈ Ĝ
such that a sequence of 4 equivariant line bundles L ⊠ (M⊗ N )(χ), L ⊠ N ,
OC ⊠M(χ), OC ⊠ OD on C × D descent to an exceptional sequence of line
bundles on S.
3.5. Quasiphantom categories
From the exceptional collections of maximal length 4, we obtain examples
of quasiphantom categories. We recall the definitions of quasiphantom and
phantom category.
Definition 3.7. [18, Definition 1.8] Let S be a smooth projective variety. Let
A be an admissible triangulated subcategory of Db(S). Then A is called a
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quasiphantom category if the Hochschild homology of A vanishes, and the
Grothendieck group of A is finite. If the Grothendieck group of A also van-
ishes, then A is called a phantom category.
Now we obtain new examples of quasiphantom categories as follows.
Proposition 3.8. The orthogonal complements of the exceptional sequence of
Theorem 3.1 are quasiphantom categories.
Proof. There is a semiorthogonal decomposition Db(S) = 〈A,B〉 where B is the
full triangulated subcategory of Db(S) generated by exceptional collection of
length 4 constructed above. From [21], we see that the Hochschild homology of
A vanishes and from [2], we see that the Grothendieck group ofA is Z22⊕Z4⊕Z8.
Therefore A is a quasiphantom category.
Appendix A. G(32, 27)
For the convenience of readers, we list basic properties of G(32, 27). The
following data were obtained using GAP [17] and Magma [8]. SmallGroup(a, b)
denotes a finite group of order a having number b in the list in Magma library.
Definition A.1. We write G(32, 27) using finite polycyclic presentation.
G(32, 27) := SmallGroup(32, 27)
= 〈g1, g2, g3, g4, g5 | g
−1
1 g2g1 = g2g4, g
−1
1 g3g1 = g3g5〉.
Remark A.2. We see that G(32, 27) is a semidirect product of N = Z42 and
Q = Z2 via the following isomorphism (cf. [4]).
g1 7→ (0, 1), g2 7→ ((1, 0, 0, 0), 0), g3 7→ ((0, 1, 0, 0), 0),
g4 7→ ((0, 0, 1, 0), 0), g5 7→ ((0, 0, 0, 1), 0).
Here we writeN⋊ΦQ to denote the semidirect product where Φ: Q→ Aut(N) ∼=
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GL4(F2) can be represented by the following matrix.
Φ1 =


1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1


The multiplication of G(32, 27) = N ⋊Φ Q can be defined as follows:
(n1, q1) · (n2, q2) = (n1 +Φq1(n2), q1 + q2).
The list of conjugacy classes of G(32, 27) is as follows.
[1], [g5], [g4], [g4g5], [g2g3g4, g2g3g5], [g2, g2g4], [g2g3, g2g3g4g5],
[g3g4, g3g4g5], [g2g5, g2g4g5], [g3, g3g5], [g1, g1g4, g1g5, g1g4g5],
[g1g2g3, g1g2g3g4, g1g2g3g5, g1g2g3g4g5],
[g1g2, g1g2g4, g1g2g5, g1g2g4g5], [g1g3, g1g3g4, g1g3g5, g1g3g4g5].
The list of normal subgroups of G(32, 27) is as follows.
G(32, 27), 〈g1, g3, g4, g5〉, 〈g1, g2g3, g4, g5〉, 〈g1, g2, g4, g5〉,
〈g2, g3, g4, g5〉, 〈g1g2g4, g3, g4, g5〉, 〈g1g3g5, g2, g4, g5〉,
〈g1g2g4, g2g3g4g5, g4, g5〉, 〈g3, g4, g5〉, 〈g1g3g5, g4, g5〉, 〈g2g3, g4, g5〉,
〈g1g2g3g4g5, g4, g5〉, 〈g2, g4, g5〉, 〈g1g2g4, g4, g5〉, 〈g1, g4, g5〉,
〈g2, g4〉, 〈g2g5, g4〉, 〈g4, g5〉, 〈g3, g5〉, 〈g3g4, g5〉,
〈g2g3, g4g5〉, 〈g2g3g4, g4g5〉, 〈g5〉, 〈g4g5〉, 〈g4〉, 〈1〉
Table A.5 is the character table of G(32, 27).
Remark A.3. Note that all characters of G(32, 27) are real valued and there
is no n-dimensional irreducible representation for n > 2.
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1 g5 g4 g4g5 g2g3g5 g2 g2g3 g3g4 g2g5 g3 g1 g1g2g3 g1g2 g1g3
χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
χ2 1 1 1 1 −1 1 −1 −1 1 −1 1 −1 1 −1
χ3 1 1 1 1 1 −1 1 −1 −1 −1 1 1 −1 −1
χ4 1 1 1 1 −1 −1 −1 1 −1 1 1 −1 −1 1
χ5 1 1 1 1 −1 1 −1 −1 1 −1 −1 1 −1 1
χ6 1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1
χ7 1 1 1 1 −1 −1 −1 1 −1 1 −1 1 1 −1
χ8 1 1 1 1 1 −1 1 −1 −1 −1 −1 −1 1 1
χ9 2 −2 2 −2 0 2 0 0 −2 0 0 0 0 0
χ10 2 2 −2 −2 0 0 0 −2 0 2 0 0 0 0
χ11 2 −2 −2 2 2 0 −2 0 0 0 0 0 0 0
χ12 2 2 −2 −2 0 0 0 2 0 −2 0 0 0 0
χ13 2 −2 2 −2 0 −2 0 0 2 0 0 0 0 0
χ14 2 −2 −2 2 −2 0 2 0 0 0 0 0 0 0
Table A.5: Character table of G(32, 27)
Appendix B. Magma code
A downloadable code which readers can just copy and paste into Magma is
uploaded at https://sites.google.com/site/kklmagmacodes/ Those who
do not have a Magma license can use the online Magma calculator at http://magma.maths.usyd.edu.au/calc/
The following is the basic setup, to ensure that the conjugacy classes and
the character table are arranged in the way we presented in our paper. The
commands following the symbol > are to be entered into Magma.
> G := SmallGroup(32,27);
> G;
GrpPC : G of order 32 = 2^5
PC-Relations:
G.2^G.1 = G.2 * G.4,
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G.3^G.1 = G.3 * G.5
> cls := Classes(G);
> cls_map := ClassMap(G);
> ct := CharacterTable(G);
> R := ClassFunctionSpace(G);
> cls_reps := [ Identity(G), G.5, G.4, G.4*G.5, G.2*G.3*G.5, G.2, G.2*G.3,
> G.3*G.4, G.2*G.5, G.3, G.1, G.1*G.2*G.3, G.1*G.2, G.1*G.3 ];
> cls_reps_ind := [ cls_map(cls_reps[i]) : i in [1..#cls] ];
> function Character_for_our_cls_reps(values_at_cls_reps)
> return R![ values_at_cls_reps[Index([1..#cls], cls_reps_ind[i])] :
> i in [1..#cls] ];
> end function;
For example, we check whether the first and the fourth irreducible characters of
ct coincide respectively with χ1 and χ4 in the table we presented in Appendix
A; in principle, one could do such a check for every χi in the table in Appendix
A.
> Character_for_our_cls_reps([1,1,1,1,-1,-1,-1,1,-1,1,1,-1,-1,1]) eq ct[4];
true
> Character_for_our_cls_reps([1,1,1,1,1,1,1,1,1,1,1,1,1,1]) eq ct[1];
true
The following code is to get the results of §3.1. We first compute the number
of fixed points of elements of G(32, 27) for the ramification structure T1, and
will compute χKC accordingly.
> H_1 := sub<G|G.4*G.5*G.1>;
> H_2 := sub<G|G.2*G.3*G.4*G.5>;
> H_3 := sub<G|G.2*G.4*G.5>;
> H_4 := sub<G|G.3*G.4*G.5*G.1>;
> standard_stabs_T1 := [H_1,H_2,H_3,H_4];
> subs_T1 := &cat[[H^tr : tr in Transversal(G,H)] : H in standard_stabs_T1];
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For i = 1, 2, 3, 4, Hi =H_i is the stabilizer group of one of the pre-images of
the i-th ramification point; call this pre-image xi. Let’s assume that G(32, 27)
is acting from right. If it was acting from left, then we can turn it into a
right action by letting each element of G(32, 27) act by its inverse; when doing
so, the stabilizer groups Hi do not change. Let gi1, gi2, · · · be the right coset
representatives of Hi in G(32, 27) =G; so Higi1 , Higi2, · · · are the cosets. Then
the list of all distinct pre-images of the i-th ramification point is xi gi1, xi gi2,
· · · , whose stabilizers are g−1i1 Higi1, g
−1
i2 Higi2, · · · . So subs_T1 is the collection
of all these stabilizer groups for all i = 1, 2, 3, 4, counted with multiplicity; the
number of fixed points of an element g is the number of all stabilizer groups in
subs_T1 that contains g.
> fixedpts_T1 := [ #[sub : sub in subs_T1 | cls_reps[i] in sub ]
> : i in [2..#cls] ];
> fixedpts_T1;
[ 8, 0, 0, 0, 0, 8, 0, 8, 0, 4, 0, 0, 4 ]
Then the character value for χKC and its decomposition into irreducible char-
acters are obtained as follows.
> values_C := [ (2-fixedpts_T1[i])/2 : i in [1..#fixedpts_T1]];
> values_C;
[ -3, 1, 1, 1, 1, -3, 1, -3, 1, -1, 1, 1, -1 ]
> chi_K_C_at_cls_reps := [ 5 ] cat values_C;
> chi_K_C := Character_for_our_cls_reps(chi_K_C_at_cls_reps);
> [InnerProduct(chi_K_C, ct[i]) : i in [1..#ct]];
[ 0, 0, 0, 0, 0, 0, 1, 0, 1, 0, 1, 0, 0, 0 ]
> chi_K_C eq ct[7]+ct[9]+ct[11];
true
We do likewise for T2, to get χKD :
> H_5 := sub<G|G.2*G.3*G.4>;
> H_6 := sub<G|G.2>;
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> H_7 := sub<G|G.2*G.3*G.4*G.1>;
> H_8 := sub<G|G.2*G.4*G.1>;
> standard_stabs_T2 := [H_5,H_6,H_7,H_8];
> subs_T2 := &cat[[H^tr : tr in Transversal(G,H)] : H in standard_stabs_T2];
> fixedpts_T2:=[#[sub:sub in subs_T2|cls_reps[i] in sub]:i in [2..#cls]];
> fixedpts_T2;
[ 0, 8, 8, 8, 8, 0, 0, 0, 0, 0, 4, 4, 0 ]
> values_D := [ (2-fixedpts_T2[i])/2 : i in [1..#fixedpts_T2]];
> values_D;
[ 1, -3, -3, -3, -3, 1, 1, 1, 1, 1, -1, -1, 1 ]
> chi_K_D_at_cls_reps := [ 9 ] cat values_D;
> chi_K_D := Character_for_our_cls_reps(chi_K_D_at_cls_reps);
> [InnerProduct(chi_K_D, ct[i]) : i in [1..#ct]];
[ 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 1, 1, 1 ]
> chi_K_D eq ct[4]+ct[10]+ct[12]+ct[13]+ct[14];
true
The following Magma code enables us to check that for each 2-dimensional
irreducible representations A,B, there exists χ ∈ Ĝ such that
H0(S,OC ⊠M(χ))
G = (H0(C,OC)⊗H
0(D,M)⊗ χ)G = 0
H2(S,OC ⊠M(χ))
G = (H1(C,OC)⊗H
1(D,M)⊗ χ)G = 0
hold where H0(C,OC) ∼= χ1 and H1(C,OC) = χ7 + χ9 + χ11 in the character
table, H0(D,M) = χ1 ⊕A, H1(D,M) = χ4 ⊕ B (cf. proof of Theorem 3.1).
> H0_C_OC := ct[1];
> H1_C_OC := chi_K_C;
> for i in [9..14] do // irreducible characters of dimension 2
> for j in [9..14] do // irreducible characters of dimension 2
> H0_D_M := ct[1] + ct[i]; // A is ct[i]
> H1_D_M := ct[4] + ct[j]; // B is ct[j]
> good_chis := [k:k in [1..8]| // irreducible characters of dimension 1
18
> InnerProduct(H0_C_OC * H0_D_M * ct[k], ct[1]) eq 0 and
> InnerProduct(H1_C_OC * H1_D_M * ct[k], ct[1]) eq 0];
> if #good_chis eq 0 then
> printf "\n (i,j)=(%o,%o) is trouble.", i,j;
> // else
> // printf "\n A=ct[%o], B=ct[%o] -> chi=ct%o works", i,j,good_chis;
> end if;
> end for;
> end for;
We believe that anyone could easily interpret what the above code is doing.
If the code does not print any message, it means that the statement is true.
Removing // from the two lines lets the reader see what χ’s work for each A
and B.
References
References
[1] V. Alexeev and D. Orlov, Derived categories of Burniat surfaces and excep-
tional collections. Math. Ann. 357 (2013), no. 2, 743-759.
[2] I. Bauer, F. Catanese and D. Frapporti, The fundamental group and torsion
group of Beauville surfaces. Beauville surfaces and groups, 1-14, Springer
Proc. Math. Stat., 123, Springer, Cham, 2015.
[3] I. Bauer, F. Catanese and F. Grunewald, Beauville surfaces without real
structures, Geometric Methods in Algebra and Number Theory (F. Bogo-
molov and Y. Tschinkel, eds.), Progr. Math., vol. 235, Birkha¨user, Boston,
MA, 2005, pp. 1-42.
[4] I. Bauer, F. Catanese and F. Grunewald, The classification of surfaces with
pg = q = 0 isogenous to a product of curves. Pure Appl. Math. Q. 4 (2008),
no. 2, Special Issue: In honor of Fedor Bogomolov. Part 1, 547-586.
19
[5] A. Beauville, Vanishing thetanulls on curves with involutions. Rend. Circ.
Mat. Palermo (2) 62 (2013), no. 1, 61-66.
[6] C. Bo¨hning, H-C. Graf von Bothmer, L. Katzarkov and P. Sosna, Determi-
nantal Barlow surfaces and phantom categories. J. Eur. Math. Soc. (JEMS)
17 (2015), no. 7, 1569-1592.
[7] C. Bo¨hning, H-C. Graf von Bothmer and P. Sosna, On the derived category
of the classical Godeaux surface. Adv. Math. 243 (2013), 203-231.
[8] W. Bosma, J. Cannon, and C. Playoust, The Magma algebra system. I. The
user language, J. Symbolic Comput., 24 (1997), 235-265.
[9] T. Breuer, Characters and automorphism groups of compact Riemann sur-
faces. London Mathematical Society Lecture Note Series, 280. Cambridge
University Press, Cambridge, 2000. xii+199 pp.
[10] Y. Cho and Y. Lee, Exceptional collections on Dolgachev surfaces associ-
ated with degenerations. Preprint, 2015, arXiv:1506.05213.
[11] S. Coughlan, Enumerating exceptional collections of line bundles on some
surfaces of general type. Doc. Math. 20(2015), 1255-1291.
[12] I. Dolgachev, Invariant stable bundles over modular curves X(p). Re-
cent progress in algebra (Taejon/Seoul, 1997), 65-99, Contemp. Math., 224,
Amer. Math. Soc., Providence, RI, 1999.
[13] A. Elagin, On an equivariant derived category of bundles of projective
spaces. (Russian) Tr. Mat. Inst. Steklova 264 (2009), Mnogomernaya Alge-
braicheskaya Geometriya, 63–68; translation in Proc. Steklov Inst. Math.
264 (2009), no. 1, 56-61.
[14] A. Elagin, Semi-orthogonal decompositions for derived categories of equiv-
ariant coherent sheaves. (Russian) Izv. Ross. Akad. Nauk Ser. Mat. 73
(2009), no. 5, 37–66; translation in Izv. Math. 73 (2009), no. 5, 893-920.
20
[15] N. Fakhruddin, Exceptional collections on 2-adically uniformized fake pro-
jective planes. Math. Res. Lett. 22 (2015), no. 1, 43-57.
[16] S. Galkin, L. Katzarkov, A. Mellit and E. Shinder, Derived categories of
Keum’s fake projective planes. Adv. Math. 278 (2015), 238253.
[17] The GAP Group, GAP – Groups, Algorithms, and Programming, Version
4.7.5; 2014 (http://www.gap-system.org).
[18] S. Gorchinskiy and D. Orlov, Geometric phantom categories. Publ. Math.
Inst. Hautes Etudes Sci. 117 (2013), 329-349.
[19] S. Galkin and E. Shinder, Exceptional collections of line bundles on the
Beauville surface. Adv. Math. 244 (2013), 1033-1050.
[20] J. Keum, A vanishing theorem on fake projective planes with enough au-
tomorphisms. Preprint, 2014, arXiv:1407.7632.
[21] A. Kuznetsov, Hochschild homology and semiorthogonal decompositions.
Preprint, 2009, arXiv:0904.4330.
[22] K.-S. Lee, Derived categories of surfaces isogenous to a higher product. J.
Algebra 441 (2015), 180-195.
[23] K.-S. Lee, Exceptional sequences of maximal length on some surfaces isoge-
nous to a higher product. J. Algebra 454 (2016), 308-333.
[24] K.-S. Lee and T. Shabalin, Exceptional collections on some fake quadrics.
Preprint, 2014, arXiv:1410.3098.
[25] R. Pardini, The classification of double planes of general type with K2 = 8
and pg = 0, J. Algebra 259 (2003), no. 1, 95-118.
[26] A. Vistoli, Intersection theory on algebraic stacks and on their moduli
spaces. Invent. Math. 97 (1989), no. 3, 613670.
21
